Circularly polarized gravitational sandwich waves exhibit, as do their linearly polarized counterparts, the Velocity Memory Effect: freely falling test particles in the flat after-zone fly apart along straight lines with constant velocity. In the inside zone their trajectories combine oscillatory and rotational motions in a complicated way. For circularly polarized periodic gravitational waves some trajectories remain bounded, while others spiral outward. These waves admit an additional "screw" isometry beyond the usual five. The consequences of this extra symmetry are explored. JCAP (to be published)
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I. INTRODUCTION
In the Velocity Memory Effect test particles initially at rest fly apart with nonvanishing constant velocity after a burst of a gravitational wave (GW) has passed [1] [2] [3] [4] [5] [6] [7] [8] [9] . This statement (which contradicts that of Zel'dovich and Polnarev [15] , who claimed simple displacement with zero relative velocity), appears, in a clear and precise form in a seminal paper of Ehlers and Kund [1] published 11 years before [2] , 12 years before [15] and 23 years before [16] .
In the authors' own words : "After a pulse has swept over the particles they have constant velocities. . . ". The effect, although very small, could theoretically be observed through the Doppler effect [3, 9] . For further details and references see, e.g., [10] [11] [12] [13] [14] .
Our previous investigations [6] [7] [8] focused at linearly polarized sandwich waves 1 .
However those recent observations by LIGO, and VIRGO [17, 18] which revolutionized the field indicate that these gravitational waves are not linearly polarised, and one may wonder if our findings pertain to linear polarisation.
In this paper we extend our investigations to polarized gravitational waves with the conclusion that they behave essentially as linearly polarised do, albeit with considerable additional complications.
We start by studying circularly polarized (approximate) sandwich waves. Circular polarization is indeed expected to arise for a binary (either black holes or neutron stars) and looking along the orbital rotation axis, this is circularly polarized. For core-collapse supernovae if the star was rotating beforehand, then circular polarization will be induced by this component. The other aspect is that for rotating systems the rotation axis is the one along which the GW wave emission is generally greatest, on average one will preferentially see circularly polarized emission. Circularly polarized sandwich waves might arise, e.g., for coalescing black holes [17] or neutron star merger [18] . Our results may therefore apply to the suggestion of [19] that astrometric data from GAIA may allow detection of long wavelength gravitational radiation emitted by binary systems. See also [20] .
We begin by studying what happens for a simplified model, namely for an oscillating profile combined with a Gaussian envelope, see our eqns. (II.1-III.1) depicted in Fig.1 below, which could be thought of as (a naive) idealization of those "chirps" in Fig.1 of [17] 2 .
Although we did not succeed finding analytic solutions let alone for our simplified model, our numerical calculations indicate that, while the motion in the inside-zone [U i , U f ] is highly complicated, in the (approximately) flat before-and after-zones of a(n approximate) sandwich wave, the motion is still along straight lines with constant velocity, consistent with . . . Newton's First law.
Then, dropping the Gaussian envelope, we turn to purely periodic (non-sandwich) gravitational wave trains, which are suspected to arise (but unsuccessfully searched for so far) from rapidly rotating neutron stars [21] , and/or for primordial waves in the inflationary universe [22] .
Periodic waves, modelled by the uniformly rotating profile in (IV.1) have interesting theoretical properties. In the linearly polarized case analytic solutions can be found in terms of Mathieu functions. Another remarkable property is that they carry, in addition to the general 5-parameter isometry [2, [23] [24] [25] [26] [27] an intriguing "screw symmetry" [24, 25, 27] .
II. MOTIONS IN A PLANE GRAVITATIONAL WAVE
In Brinkmann (B) coordinates (X, U, V ) the profile of a plane GW is given by the symmetric and traceless 2 × 2 matrix H(U ) = H ij (U ) [23, 28] ,
where A + and A × are the amplitudes of the + and × polarization states. Let us record for further reference that our 4D GW can be viewed as the "Bargmann manifold" of a 2 + 1 dimensional non-relativistic system, namely of a time-dependent anisotropic oscillator [29, 30] . The motion of a spinless test particle in the (II.1) background is described by geodesics, X µ (σ), whose equations of motion can be derived by varying the natural geodesic
Variation with respect to V yields thatÜ = 0 allowing us to choose σ = U and providing us finally with
In what follows, we limit our investigations (as before [6] [7] [8] ) to the motion of particles which are at rest in the before-zone, X(U ) = X 0 for U ≤ U i .
III. CIRCULARLY POLARIZED WAVES
If A + (U ) = 0 or A × (U ) = 0, the wave is linearly polarized; the motions were studied in our previous papers [6] [7] [8] . Turning to polarized waves and approximating the sandwich by a Gaussian, we consider now
For simplicity we chose, henceforth, A 0 = B 0 = C 2 = const. and φ = π/2 3 . Then the polarization is circular with an U -dependent amplitude,
Our main interest lies in determining X(U ); displacements of the V coordinate are of the second order [7] . Eqn. (II.3a) describes, in "Bargmann" language, an anisotropic harmonic oscillator in transverse space with time-dependent (rotating) force. The latter is non-vanishing only in the (approximate) inside zone 5 . 3 Changing the relative phaseshift φ has a strong influence on geodesics. For φ = 0 we have A + ∝ A × and the wave is once again linearly polarized. 4 More sophisticated formulae were considered in [31] :
The profiles for different width-parameters λ are depicted in Fig.1 . The numerically calculated trajectories and velocities, shown in Figs.2 and 3, hint at the following behaviour:
1. In the large-λ regime (i) the Gaussian is thin and high and the motion is roughly along straight lines with constant velocity, except in a short (∼ O(1/λ) transitory "inside" region, where the trajectory is sharply bent and the velocity changes rapidly from zero to some non-zero value Fig.2 -reminiscent of motion in an impulsive wave [8, [32] [33] [34] .
2. In the small-λ regime (ii) the profile is wide and low, with many oscillations in the inside zone. Apart of some fine "denting", the motion is "reasonably regular" in the inside zone, see Fig.3 . The effect of "denting" becomes important, though, when the velocity is plotted. The trajectories suffer a rather weak rotation.
In the outside zones, U < U i and U > U f , everything smooths out for both regimes:
the trajectory appears, just like in the linearly polarized case, to follow straight lines with constant velocity. The difference between the large and small-λ regimes lies in the inside zone: motion in the after zone is always simple.
FIG. 2:
Trajectories and velocities after the passage of a circularly polarized Gaussian sandwich wave (III.1) in the impulsive limit λ → ∞. The blue and red colors refer to the transverse components X 1 and X 2 . The trajectory is bent in the (narrow) inside zone and then escapes with non-vanishing constant velocity in the flat after-zone.
FIG. 3:
Trajectories and velocities for small λ, describing test particle motion in a wide but weak circularly polarized Gaussian sandwich GW (III.1). The blue and red colors refer to the transverse components X 1 and X 2 . A particle initially at rest has a complicated motion in the (approximate)
inside zone however it escapes with non-zero constant velocity in the flat after-zone.
Although we have not been able to find analytic solutions, we have arguments to confirm our observations made above.
Firstly, the behaviour in the outside zones is obvious from the Bargmann point of view, which says that the non-relativistic motions in d + 1 dimensions are the projections of lightlike geodesics in a (d + 1, 1) dimensional Lorentz manifold along a covariantly constant null direction [29, 30] . Our metric (II.1) describes, in particular, non-relativistic motions in 2+1 dimensions in the potential
Where H ≈ 0, we have therefore a free non-relativistic particle. Our observation made above is therefore . . . Newton's First Law.
Next, integrating (II.3a) from U i to U f yields the accumulated change of velocity as
which generalizes eqn (VI.1) of [8] 
The remarkable result is that evaluating the velocity jump (III.4) the off-diagonal component A × , and in fact the circular frequency ω drop out, leaving us with the same expression as in the linearly polarized case [8] , namely with
At the impulsive limit the polarization has no effect, consistent with the findings of Podolský and Veselý [35] , who argued that the resulting particle motions are identical regardless of the sandwich we started with before shrinking. An intuitive explanation is that when λ → ∞ the inside zone shrinks to a single instant U = 0 and the extra structure has no time to act.
The "Tissot" diagram (Fig.4) , which shows the evolution of a small circle of particles initially at rest, exhibits the characteristic "breathing", seen before for linear polarization [6] [7] [8] . Polarized waves exhibit also a new effect : unlike in the linearly polarized case, the "breathing" is combined with a rather complicated precession in transverse space, shown in 
IV. PERIODIC WAVES
Waves with periodic profile
although not yet observed) are believed to be generated by, e.g., rapidly rotating neutron stars [21] , or in the early inflationary universe [22] . They differ from our previously considered sandwich waves by the absence of damping. Such wave behave oppositely to impulsive waves: intuitively, they have only an inside zone. We first note that in the linearly polarized case B 0 = 0 the matrix H(U ) in (II.3a) is diagonal, and the equations of motion can be solved analytically : they separate, leaving us with two uncoupled Mathieu equations,
whose general solutions are combinations of even and odd (Mathieu cosine resp. Mathieu sine) functions C(a, q, x) resp. S(a, q, x). Choosing the initial conditionsẊ(U = 0) = 0 (particle at rest at U = 0), the solutions are pure Mathieu cosine functions,
where the coefficients c 1 and c 3 are determined by the initial conditions X(0). Plotting either the Mathieu cosine or alternatively, solving the equations numerically, yields Fig.6 .
In the skew-diagonal case A 0 = 0 the polarization is again linear, and the problem is equivalent to the previous one, since it can be brought to diagonal form by introducing new coordinates,
, yielding uncoupled Mathieu equations for the latter. If the phase lag φ = 0, we obtain again (IV.3).
The general case is a combination of the previous ones, however we could find numerical solutions only. Limiting ourselves again to circular polarization, A 0 = B 0 = C 2 , we found that the trajectory is a sort of "ellipse, dented with an epicycle" cf. Fig.7 7 . The choice of φ appears to have little effect . Choosing φ = π/2, for example, yields a "dented elliptic" trajectory along which the particle goes around: the trajectory is similar to the one in Fig.7 .
FIG. 7:
The (transverse-space) trajectories in the periodic GW (IV.1) are reminiscent of "ellipses dented with epicycles".
V. SYMMETRIES OF CIRCULARLY POLARISED PERIODIC WAVES
General plane waves have a 5-parameter isometry group [23] [24] [25] [26] , recently identified as the Carroll group with broken rotations [27] : for a time-dependent anisotropic profile Utranslational and transverse-space rotational symmetry are both broken. However for a periodic wave, the two broken transformations can be combined to yield an additional, 6th isometry [24, 25, 27] . Let us consider indeed the periodic (Brinkmann) profile in the particular case A 0 = B 0 = C 2 , C > 0 and φ = π/2 in (IV.1), i.e.,
where ω = const.. Using complex coordinates,
For appropriate initial conditions the highly "dented" trajectories in the periodic GW background (IV.1) spirals outward with a growing radius.
which is plainly invariant under the transformation
or in real form,
where R ( · ) is the rotation matrix in the plane. These "screw transformations", which combine U -translations with transverse rotations, are therefore isometries for all e ∈ R [24, 25, 27] ; they belongs to the Bargmann group (itself a subgroup of the Poincaré group), but not to its Carroll subgroup (for which U is fixed).
A nice insight is due to P. Kosinski [37] to whom we are grateful for allowing us to include the following. From the Bargmann point of view [29, 30] the profile (V.1) describes an anisotropic oscillator in the transverse plane with time-dependent frequency. Viewed as a classical mechanical system, its motion can be described by the Lagrangian
for which both rotations and time translations are manifestly broken due to anisotropy and to time-dependence, respectively. We record for further use the associated equations of
which are coupled, driven by a time-dependent rotating linear force. However, switching to a rotating frame by setting
the Lagrangian (V.5) can be written as
which describes a time independent (but still anisotropic) oscillator put into a constant magnetic field. It has therefore natural time-translational symmetry, U → U + e (whereas rotations are still broken); transforming back to the Brinkmann coordinates provides us precisely with the "screw symmetry" (V.4) for the time-dependent system (V.5).
To get further insight, we note that the effective force in the Y − direction can be attractive, vanish or repulsive depending on the sign of Ω 
Particularly simple motions arise when 
where c i , i = 1, . . . 4 are constants. Then the inverse of (V.7) provides us with trajectories in Brinkmann coordinates.
Choosing appropriate initial conditions we can arrange to get both outwards-spiraling ( Fig.9) or periodic ( Fig.10) motion. In the spiraling case the velocity diagram is essentially the same as for the trajectories and is therefore not reproduced here.
FIG. 9:
When the amplitude and the frequency are correlated as in (V.10), a particle at rest at U = 0 can, for appropriate initial conditions spiral outward. Here we took X 1 (0) = 0, X 2 (0) = 1,Ẋ 1 (0) =Ẋ 2 (0) = 0. The increase of the radius is manifest.
Periodic motions, (Fig.10) , are obtained when the initial conditions satisfyẊ 1 (0) + (ω/2)X 2 (0) = 0. The velocity diagram (called the hodograph) shows a "flower-like" pattern, see Fig.11 .
In what follows, we shall explore in more depth the symmetry enhancement of polarised gravitational waves. We shall follow the treatment [25] (see also [1, 24, 38, 39] ). Row 10 of [25] confirms that the metric (II.1) has, in the general case, 5 Killing vectors, namely ∂ V , and
Equivalently, the symmetries are thus determined by 4 first-order linear ODEs and have therefore 4 linearly independent solutions. Inserting the values read off from (IV.1) yields,
It is worth noting that these same equations could have been obtained by asking, as in [41] :
"which time-dependent translations,
preserve the equations of motion (V.6) ?" Comparing (V.14) with (V.6) leads to the remarkable conclusion that the symmetry equations, (V.14), are, after rescaling, identical to Noether's theorem applied to the geodesic Lagrangian (II.2) associates a constant of the motion along X µ (σ),
to any Killing vector field K µ . For those 5 standard generators this has been done, e.g., in [40] ; for ∂ V in particular we getU = const. which confirms that U is indeed an affine parameter. For the extra "screw symmetry" (V.4) we find in turn an extra Killing vector,
to which Noether associates
as we could check numerically for the non-trivial periodic solution depicted in Fig.10 .
The Lie algebra of Killing vectors can also be determined. If F, E = (
respectively then the Lie bracket of two vector fields is of the form
Then using (V.13) we deduce that the Lie bracket of every 6 pairs of such vector fields is a constant multiple of the central element ∂ V . Thus the five dimensional symmetry group is a central extension of a four dimensional Abelian group.
We now turn to the structure of the enhanced algebra. We compute the bracket
The subalgebra could be 2,3, or 4 dimensional. If three dimensional, it could be one of the Bianchi algebras. This case has been investigated in [38] . Inspection reveals that it is not our case. Somewhat earlier [1] the issue of extra symmetries had also been considered.
For a six dimensional group two cases are listed, ours, and the case considered in [38, 39] .
It is claimed that there is a four-dimensional simply transitive subgroup but no details are given.
VI. CONCLUSION
Our investigations confirm that under the influence of a polarized sandwich wave (imitated here by an oscillating Gaussian profile) test particles originally at rest move, in the (approximately flat) before and after zones, along straight lines with constant velocityjust as they do in the linearly polarized case and as expected theoretically. However motion in the inside zone is a rather complicated combination of oscillations and precessions.
Shrinking the Gaussian to a Dirac delta by letting the thickness parameter go to infinity, much of the complications (including the precessions) disappear cf. [35] and the behaviour in an impulsive wave [8, 34, 35] is recovered.
Widening the Gaussian by letting the thickness parameter go to zero yields instead, after a suitable rescaling, periodic GWs, which "only have an inside zone". The precession as well as the "breathing" of the "dented" trajectories become manifest. The model exhibits an intriguing additional "screw symmetry" noticed before [24, 25, 27] .
Note added. Bondi [42] , in his note establishing the physical reality of gravitational waves and putting an end to the ongoing controversy writes: "Consider a set of test particles at rest [. . . ] before the arrival of the wave. Then, after the passage of the wave, the particle that was at rest will have [a non-trivial] velocity 4-vector . . . "
Finally, the recent papers [43] and [44] contribute to our understanding of the memory effect.
